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Abstract

In the paper some results concerning the calculus of the displacement, the speed and the acceleration of
the end of the polished rod are presented. First, some results concerning the determination of the exact
variation on a cinematic cycle of these parameters using the method of the projection of the independent
contours are presented. There are also presented the results obtained by applying the theory of the
approximate kinematics and the theory of the elementary kinematics. Then the variation of the
parameters mentioned above on a cinematic cycle is approximated with polynomial functions whose
coefficients are calculated with the method of the least squares. These coefficients depend only on the
dimensions of the component links of the rod pumping unit. Finally, some interesting simulation results in
the case of the pumping unit C-640D-365-144 are presented.
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Introduction

Generally the design of the mechanisms requires a rigorous analysis of the variation on a
cinematic cycle of different cinematic and dynamic parameters that characterize their
functioning [1, 2, 3, 4]. In the case of the sucker rod pumping units the most representative
cinematic parameters whose variations on a cinematic cycle have to be determined are the
displacement, the speed and the acceleration of the end of the polished rod.

Because the analytical expressions of these parameters are quite complicated [2, 5] sometimes,
for an easy assessment, some simplified theories, like: the theory of the approximate kinematics
and the theory of the elementary kinematics are utilized [1].

In this paper some results concerning the calculus of the displacement, the speed and the
acceleration of the end of the polished rod are presented. First, some results concerning the
determination of the exact variation on a cinematic cycle of the parameters mentioned above
using the method of the projection of the independent contours are presented. There are also
presented the results obtained by applying the theory of the approximate kinematics and the
theory of the elementary kinematics.

Then the variation of the displacement, the speed and the acceleration of the end of the polished
rod on a cinematic cycle is approximated with polynomial functions whose coefficients are
calculated with the method of the least squares.
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Finally, some simulation results that permit to compare the variation of these parameters on a
cinematic cycle obtained by applying the exact cinematic method, the approximate and
elementary kinematics theory and the polynomial functions calculated with the method of the
least squares in the case of the pumping unit C-640D-365-144 are presented.

Theoretical Considerations and Simulation Results

In figure 1 the cinematic scheme of the mechanism of the sucker rod pumping unit with
conventional type geometry is presented.

Fig. 1. Pumping unit mechanism with conventional type geometry

The value of the displacement of the end of the polished rod denoted by s, can be calculated
with the following relation [2]:

Sp :(275_([)3d +(P3a)'|3p 1)

where: ¢,, and ¢,, are the values of the angle ¢, for the extreme positions of the rocker of
the mechanism and 1,, =CD .

In [2] the values of the angles ¢,, and ¢,, and of the angles ¢,, and ¢,, corresponding to the
crank angle ¢, for the extreme positions of the rocker have been calculated from the following

systems of equations obtained by projecting the contour O— A—B—-C —0O on the x and y axes
(fig. 1) for these two extreme positions of the rocker:

(I, +1,)-cos@y +1;-coseyy —X. =0 )
(l+1,)-singy +1;-singyy —y. =0 @
(I, -1,)-cos@y, +1;-cos@y, — % =0 3
(I, =1,)-singy, +15-sin gz, —y. =0 ®)

where: |, =0A; |, =AB; I, =BC.
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Some results concerning the determination of the exact variation on a cinematic cycle of the
speed and of the acceleration of the end of the polished rod using the method of the projection
of the independent contours are presented in [3].

By projecting the contour O—A—-B—-C -0 (fig. 1) on the x and y axes the unknown angles
¢, and @, were calculated from the following system of equations:

(4)

l, -cose, +1, -cose, +1;-cosp; —x; =0
l,-sing, +1,-sing, +1;-sing; —y. =0

The relations above have been transposed into a computer program using Maple programming
language that has integrated powerful functions for symbolical calculus [6].

The angular speeds and accelerations: o, ¢€;,i =2,3, of the links 2 and 3 have been calculated
by deriving with time the variation functions of the corresponding angles ¢, and o5, using the
derivation function diff in Maple programming language [6].

Then, the speed v, and the acceleration ap (fig. 1) of the end of the polished rod have been

calculated with the following relations: vy =w;-1;,; ap =¢;-15,.

The relations for the calculus of the displacement, the speed and the acceleration of the end of
the polished rod using the theory of the approximate kinematics [1] are the following:

Sp :%.ll-(l—coscpl + L -sin’ ¢;) ®)
i 2.1,
I
Vp =210 (Sing, +-1sin 2¢,) ©)
Iy 2:1
I
ap =%.|1'cof -(cosg, +:—1'0052(P1) ()
3 2

and those coresponding to the theory of the elementary kinematics [1] are:

5o = (L-cose) (®)
3
| :
VD:%'Il'ml'Sm(pl (9)
3
I
ap =—2.1, - ©® -cos@, (10)

I

Now, the variation on a cinematic cycle of the acceleration of the end of the polished rod is
approximated with a polynomial function whose coefficients are calculated with the method of
the least squares [7]. In this case the acceleration a, of the end of the polished rod can be
calculated with the following relation:

ap =; P () (11)

where:

Pm((Pl):Co+C1'(P1+C2‘(Pf+---+cm'(Pin (12)
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The values of the coefficients c;,i=0,m, that gives the best approximation of a, /(012 can be
determined by solving the following system of equations [7]:

1 n
— 2 ap(0y)

1 i=0

n n n
Co(N+D)+C- D @y +Co - D @f +..4Cpy - D@ =
i—0 i-0 i~0
- x 2 - 3 o m+1 1
Co ‘Z(Pﬁ JrCl‘Z:(Pu +C, 'Z(Pli .+ Cy 'Z(Pli =— D _0u-ap(¢py) 13
i=0 i=0 i=0 i=0 0y o (13)

n n n n n
1
1 2 2
Co Z(Pf: +C1'Z(Pfi]+ +C, 'Z(Pfi1+ ..+ Cy 'Z(Pﬁm ZFZ(PE -ap (¢y)
i-0 i—0 i—0 i-0 1 =0

where: ¢; =@y +2-m-i/n.

The speed and the displacement of the end of the polished rod can be determined by starting
from the expression (11) of the acceleration a, with the following relations:

Vp =@ - (Qm+l ((pl) + Cv) (14)
SD = Rm+2((p1) + Cs (15)
where:
Qna (@) = [ Po(0) doy (16)
Cv = _Qm+l ((Pld ) (17)
Ru2(@) = [ (Qua(@) +C,) do, (18)
Cs = _Rm+2 ((pld ) (19)

By transposing the relations above into a computer program using Maple programming
language the polynomial function P, (¢,) that gives the best approximation of a,/w? in the
case of C-640D-365-144 pumping unit, whose dimensions of the component links and the value

of the crank angle ¢,, are presented in table 1, has the following expression:
P.(p,) =20.601-33.013 ¢, +23.789- ¢ —8.222- ¢ +1.146-p; +0.013- ¢> —
—0.019-¢¢ +0.003- ¢, —611-107° - ¢? +79.2.10°° - ¢; —0.681-10° - ¢;° + (20)
+0.7398-10° - ;' +0.216-10 - ¢;° —0.156-10" - ¢1° +0.938-10° - 1"

In figures 2, 3 and 4 the variation curves of a,/®?, v,/m, and s, on a cinematic cycle,
beginning with the value of the crank angle equal to ¢,,, in the case of C-640D-365-144

pumping unit by considering the exact cinematic theory, the theory of the approximate
kinematics, the theory of the elementary kinematics and the approximated formulation with
polynomial functions are presented.

Table 1. The dimensions of the component links and the value of
the crank angle ¢,y for C-640D-365-144 pumping unit

I [m] l2 [m] Is [m] lsp [m] Xc [m] ye [m] P1q []
11938 | 37719 | 3.0488 4.572 3.048 3.8354 | 87.522
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Fig. 2. The variation on a cinematic cycle of ap /0312 for C-640D-365-144 pumping unit in the case of the

exact cinematic theory (curve 1), the approximated formulation with polynomial functions (curve 2), the
theory of the approximate kinematics (curve 3) and the theory of the elementary kinematics (curve 4)
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Fig. 3. The variation on a cinematic cycle of v/, for C-640D-365-144 pumping unit in the case of the

exact cinematic theory (curve 1), the approximated formulation with polynomial functions (curve 2), the
theory of the approximate kinematics (curve 3) and the theory of the elementary kinematics (curve 4)
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Fig. 4. The variation on a cinematic cycle of the displacement sy for C-640D-365-144 pumping unit in

the case of the exact cinematic theory (curve 1), the approximated formulation with
polynomial functions (curve 2), the theory of the approximate kinematics (curve 3)
and the theory of the elementary kinematics (curve 4)
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Conclusions

In this paper a method that permits the determination of the variation of the displacement, the
speed and the acceleration of the end of the polished rod on a cinematic cycle using polynomial
functions whose coefficients are calculated with the method of the least squares has been
presented. The results obtained in this case have been compared with those obtained by
applying the exact cinematic method, the approximate and elementary kinematics theory for the
pumping unit C-640D-365-144. Figures 2, 3 and 4 show a good accordance between the results
obtained by approximating the variation of the displacement, the speed and the acceleration of
the end of the polished rod on a cinematic cycle using polynomial functions with those obtained
by applying the exact cinematic method, especially in the case of the variation of the speed and
of the displacement (figs. 3 and 4). This accordance is much higher than in the case when there
are used the approximate and elementary kinematics theory.
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Asupra calculului unor parametri cinematici ai unitatilor
de pompare cu prajini

Rezumat

In articol sunt prezentate o serie de rezultate privind calculul deplasdarii, vitezei si acceleratiei la capatul
prajinii lustruite. Mai intdi, sunt prezentate o serie de rezultate privind determinarea variatiei exacte pe
un Cciclu cinematic a parametrilor mentionati anterior folosind metoda proiectiei contururilor
independente. Sunt de asemenea prezentate rezultatele obtinute prin aplicarea teoriei cinematicii
aproximative §i a teoriei cinematicii elementare. Apoi variatia pe un ciclu cinematic a parametrilor
mentionati este aproximata cu functii polinomiale ale caror coeficienti sunt calculati cu metoda celor mai
mici pdtrate. Acesti coeficienti depind numai de dimensiunile elementelor componente ale unitatii de
pompare. In final, sunt prezentate o serie de rezultate ale simuldrilor realizate in cazul unitatii de
pompare C-640D-365-144.



